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The structural physical approximation (SPA) to a positive map is considered to be one of the
most important methods to detect entanglement in the real physical world. We first show that an
arbitrary entanglement witness (EW) W can be constructed from a separable density matrix σ in
the form of W = σ−cσI, where cσ is a non-negative number and I is the identity matrix. Following
the general form of EWs from separable states, we show a sufficient condition and a sufficient and
necessary condition in low dimensions of that SPAs to positive maps do not define entanglement-
breaking channels. We show that either the SPA of an EW or the SPA of the partial transposition
of the EW in low dimensions is an entanglement-breaking channel. We give sufficient conditions of
violating the SPA conjecture [Phys. Rev. A 78, 062105 (2008)]. Our results indicate that the SPA
conjecture is independent of whether or not positive maps are optimal.
PACS numbers: 03.65.Ud, 03.67.-a
I. INTRODUCTION
Quantum entanglement is a central notion in the field
of quantum information [1, 2]. It allows us to realize var-
ious types of quantum information processing, which are
not achievable in classical physics, such as quantum com-
putation [3], quantum dense coding [4], quantum tele-
portation [5], quantum cryptography [6], etc. However,
quantum entanglement is still not fully understood by
researchers. There exists no effective method to detect a
given state is entangled or not.
To the best of our knowledge, the most powerful
method to detect entanglement up to date may be the
one based on the notion of positive maps [7, 8], i.e., a
given state ρ on Hilbert space HA ⊗ HB is separable if
and only if (I × Λ)ρ is positive for an arbitrary positive
but not completely positive (PNCP) map Λ : HB → HA.
Then obviously it is critical to find ways to achieve ex-
perimental detection of entanglement with a PNCP map,
which does not represent physical process. The earliest
[8] and most important work may be the structural phys-
ical approximation (SPA) [9, 10]. It is based on the idea
that a positive map will result in a completely positive
(CP) map when it is mixed with a simple CP map. A CP
map presents physical process and can be implemented
experimentally. In addition, the resulting map keeps the
structure of the output of the nonphysical map Λ.
For our purpose, we can only consider the quantum
states on the finite dimensional Hilbert space HAB =
HA ⊗ HB . We let dim(HA) = dA, dim(HB) = dB
and dim(HAB) = dAB . Here we study whether or
not the structural approximation to a positive map Λ :
HA → HB defines an entanglement-breaking (EB) chan-
nel. The structural approximation is obtained through
minimal admixing of white noise
Λ˜(ρ) = ptr(ρ)
I
dB
+ (1− p)Λ(ρ). (1)
In other words for minimal admixing, we take the small-
est noise probability 0 < p < 1 for which Λ˜ become com-
pletely positive. As a consequence of the Jamio lkowski-
Choi isomorphism [11], we are led to study the separa-
bility of entanglement witnesses (EWs) of the form
W˜Λ = I ⊗ Λ˜(P+) = p
dAB
I + (1− p)WΛ (2)
for minimal p such that W˜Λ ≥ 0, where P+ = |β〉〈β|,
|β〉 = d−1/2A
∑
i |i〉 ⊗ |i〉 on HA ⊗ HA. For simplicity, in
the following we shall freely use the positive map and the
EW.
It was first noticed by Fiura´s˘ek that the SPA of the
(optimal) partial transposition map (PT) map I ⊗ T in
the two-qubit case is an EB channel [12]. Recently, it was
observed in many examples of optimal positive maps that
their SPAs are EB by Korbicz et al. They formulated
a conjecture (called the SPA conjecture) that SPAs to
optimal positive maps are EB [13]. Very recently, some
examples constructed show that the SPA conjecture fails
[14, 15].
Even though the fact that the SPA conjecture fails for
certain optimal EWs has been shown, some problems re-
lated to the conjecture remain unknown. In this paper,
we first show that an arbitrary EW W can be written in
the form of W = σ − cσI, where σ is a separable den-
sity matrix, cσ is a non-negative number, and I is the
identity matrix. Following the general form of EWs from
separable states, we give a simple form of the SPA of
EWs. Based on the positive partial transposition (PPT)
separability criterion [16], we show a sufficient condition
and a sufficient and necessary separability condition in
low dimensions (dA × dB ≤ 6) of that structural approx-
imations to positive maps do not define entanglement-
breaking channels. We find that either the SPA of an
EW or the SPA of the partial transposition of the EW
in low dimensions is an EB channel. We show sufficient
conditions of violating the SPA conjecture. We show that
the SPA conjecture does not need to be based on the op-
timality of positive maps.
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2II. CONSTRUCTING ALL ENTANGLEMENT
WITNESSES FROM SEPARABLE DENSITY
MATRICES
EWs are observables that completely characterize sep-
arable (not entangled) states and allow us to detect en-
tanglement physically [1]. An observable W = W † is
called an EW if (i) tr(Wσ) ≥ 0 for an arbitrary separa-
ble state σ; and (ii) there exists an entangled state pi to
make tr(Wpi) < 0. To balance out possible unnormal-
ization of quantum states, another property of EWs is
required: (iii) if W is an EW, γW keeps all properties of
W as an EW for a non-negative number γ. In this case,
we say that γW is the same EW as W ( or γW is as
fine as W [17]). To compare the action of different EWs,
Lewenstein et al. defined (iii’) tr(W ) = 1 in [18]. Note
that we will encounter interchangeably incompatible (iii)
and (iii’) on different cases.
Following the definition in Ref. [18], we have: (i) Given
an EW W , DW = {pi ≥ 0, such that tr(Wpi) < 0}, i.e.,
the set of density matrices detected by W ; (ii) Given two
EWs, W1 and W2, W2 is finer than W1 if DW1 ⊆ DW2 ;
(iii) W is an optimal entanglement witness (OEW) if
there exists no other finer EW. A necessary condition for
an EW W to be optimal is that there must be a separable
σ with tr(Wσ) = 0 [2]. It is, however, not a sufficient
condition [19–21]. Following the definition in Ref. [22],
we have (iv) W is a weakly optimal entanglement witness
(WOEW) if its expectation value vanishes on at least one
product vector. Clearly, an OEW is a special WOEW.
A. Constructing all entanglement witnesses from
separable density matrices
As a matter of fact, EWs provide one of the main meth-
ods and the best known one for entanglement detection in
composite quantum system [1, 17, 23–26]. Although com-
mon entanglement witnesses for some entangled states
have been studied [27, 28], given an entangled state, it
is difficult to construct an EW. Unfortunately, it is a
nondeterministic polynomial-time (NP) hard problem to
determine EWs for all entangled states [23, 24, 29].
Our recent work [30] showed that an arbitrary EW W
can be written as
W = ρ− cρI (3)
where ρ is a (unnormalized) density matrix and cρ > 0
is a real number related to ρ. For example, ρ = pdAB I +
1−p
dA
∑
ij |i〉|j〉〈j|〈i| is a density matrix for dABdA+dAB ≤ p ≤
1, where the range of p is determined by the positivity of
the state, and
W = ρ− p
dAB
I =
1− p
dA
V (
dAB
dA + dAB
≤ p < 1) (4)
is the same EW as V , where V is the swap operator [31].
The form in Eq. (3) of some EWs were investigated in
Ref. [32, 33]. It was shown that the EW of a given
entangled state pi can be written as
W = σ − pi − tr[σ(σ − pi)]I, (5)
where σ is the nearest separable state to pi [34, 35]. How-
ever, such a state σ is difficult to compute.
By Eq. (3) and the trace inequality, we have showed
an EW for a given state could be constructed from a
commuting state [30]. According to the property of EWs
and the relation between an arbitrary density matrix and
a separable density matrix, we find that the general form
of EWs in Eq. (3) can be written as the form related to
separable density matrices.
Theorem 1. An arbitrary bipartite density matrix pi
is entangled if and only if there exists a separable state
σ and a non-negative number cσ such that the operator
W = σ − cσI (6)
satisfies tr(Wpi) < 0 and tr(Wσ′) > 0 for all separable
states σ′.
Proof: Following Eq. (3) for an arbitrary EW W ′,
there exists a density matrix ρ such that
W ′ = ρ− cρI. (7)
Observe the depolarizing channel [36]
ρ˜p = (1− p) I
dAB
+ pρ(0 < p < 1). (8)
By Eq. (8),
pρ = ρ˜p − (1− p) I
dAB
(9)
pρ− pcρI = ρ˜p − (1− p) I
dAB
− pcρI (10)
p(ρ− cρI) = ρ˜p − [pcρ + 1− p
dAB
]I. (11)
By Eq. (7),
pW ′ = ρ˜p − [pcρ + 1− p
dAB
]I. (12)
It is known that the right-hand side of equality in Eq.
(12) is the same EW as W ′ for 0 < p < 1 [30]. Con-
sidering the right-hand side of equality in Eq. (12), for
sufficiently small values of p ≤ ps, the state ρ˜p becomes
a separable state σ for an arbitrary ρ [37–40]. Therefore,
for an arbitrary EW W ′ = ρ− cρI, there exists the same
EW as W ′, W = σ − cσI, where σ is a separable state
and cσ is a non-negative real number. 
It is a simple result, since the identity is of full rank.
However, there are some interesting consequences can be
derived from it.
Corollary 1. If W = σ − cσI is an EW,
λ0σ < cσ, (13)
3where λ0σ denotes the minimum eigenvalue of σ.
Proof: If σ =
∑k
i=0 λiσPi is the spectral decomposi-
tion of σ, W = σ−cσI =
∑k
i=0(λiσ−cσ)Pi is the spectral
decomposition of W , where
∑k
i=0 Pi = I. If λ0σ ≥ cσ,
W = σ − cσI =
∑k
i=0(λiσ − cσ)Pi > 0, which is impossi-
ble, since W < 0. 
B. A general method to construct finer and weakly
optimal entanglement witnesses
Corollary 2. An EW W = σ− cσI is weakly optimal
if and only if cσ = c
max
σ , where
cmaxσ = inf‖µA‖=1,‖νB‖=1
〈µAνB |σ|µAνB〉, (14)
is the maximum number in cσ which makes W = σ− cσI
an EW and |µAνB〉 is an arbitrary unit product vector
[30].
By Corollary 2, we can give a method to construct a
weakly optimal entanglement witnesses for W = σ− cσI
by computing cmaxσ . However, it is not easy to compute
cmaxσ [30, 41]. Since an arbitrary EW can be written in
the form of W = σ − cσI, we obtain the following result
by Corollary 2.
Corollary 3. For an arbitrary OEW W opt, there
exists a separable density matrix σ such that W opt =
σ − cmaxσ I.
In other words, an arbitrary OEW W can be written
in the form of W = σ − cmaxσ I, but the form of an EW
W = σ − cmaxσ I may be not optimal.
Corollary 4. If a non-weakly-optimal EW W = σ −
cσI can detect entangled state pi, Wi = σ− ciσI can also
detect pi, where cσ < ciσ ≤ cmaxσ , {i = 1, 2, · · · } refers to
the index set.
Proof: (i) Since W = σ−cσI can detect the entangled
state pi, we have
tr(Wpi) = tr(σpi)− cσ < 0, (15)
tr(σpi) < cσ. (16)
By Eq. (16) and cσ < ciσ, we have
tr(σpi) < ciσ, (17)
tr(Wipi) = tr(σpi)− ciσ < 0. (18)
(ii) Since Wwopt = σ − cmaxσ I is a weakly optimal EW
by Corollary 2,
tr(Wwoptσ′) ≥ 0 (19)
and
tr(σσ′) ≥ cmaxσ (20)
for all separable states σ′.
By ciσ ≤ cmaxσ ,
tr(Wiσ
′) = tr(σσ′)− ciσ ≥ 0, (21)
for all separable states σ′.
Therefore, Wi = σ − ciσI is an EW and it can detect
pi for cσ < ciσ ≤ cmaxσ . 
By Corollary 4, we can construct a finer EW than W =
σ − cσI(λ0σ < cσ < cmaxσ ) through adding an minor
number to cσ.
Corollary 5. A non-weakly-optimal EW W2 = σ −
c2σI is finer than W1 = σ − c1σI if there exists 0 < δ ≤
cmaxσ − c2σ such that c1σ + δ = c2σ ≤ cmaxσ .
By Corollary 5, we can immediately give a method to
construct finer EWs for a given non-weakly-optimal EW.
Note that it is not so easy to construct finer EWs for a
weakly-optimal-but-not-optimal EW. General method of
optimization of EWs can be found in Ref. [18].
A violation of a Bell inequality for a bipartite density
matrix pi, considered within quantum mechanics, can be
reformulated as an EW Wpi for entangled pi [42]. Based
on Corollaries 3, 4 and 5, it is not difficult to under-
stand relations between such Bell inequalities and EWs
in Ref. [43]. The relation was revealed that how much an
OEW has to be shifted by adding the identity operator
to make it positive on all states admitting a local hidden
variable model and how much can be subtracted from a
CHSH witness [44], while preserving the EW properties.
Theorem 1 shows that the research on separable den-
sity matrices can replace the research on entanglement
witnesses. Generally, it is not easy to characterize the
separable state σ with W = σ − cσI being an EW.
We illustrate our results for the case of the qubit state.
Observe the EW
W =
 0.1 0 0 00 0.4 0.1 + 0.4 00 0.1 + 0.4 0.4 0
0 0 0 0.4
 (22)
= ρ− 0.1I (23)
= σ − 0.4I, (24)
where
ρ =
 0.2 0 0 00 0.5 0.5 00 0.5 0.5 0
0 0 0 0.2
 , σ =
 0.5 0 0 00 0.8 0.5 00 0.5 0.8 0
0 0 0 0.5
 ,
(25)
ρ is (unnormalized) entangled, σ is (unnormalized) sep-
arable. We can compute λ0ρ = 0, λ0σ = 0.3. We can
compute cmaxρ = 0.1, c
max
σ = 0.4 by the method in Ap-
pendix A. Thus, W1 = ρ− 0.05I and W2 = σ− 0.35I are
EWs. W1 is the same EW as W2. W are finer than W1
and W2. We will see below that Eq. (22) is a special case
of Eq. (34) for a = 0.1, b = 0.4.
III. STRUCTURAL APPROXIMATIONS TO
POSITIVE MAPS AND
ENTANGLEMENT-BREAKING CHANNELS
An equivalent presentation of the SPA conjecture is
that SPAs to optimal entanglement witnesses correspond
4to separable (unnormalized) states, i.e., the SPA to an
optimal EW W opt,
W˜ opt =
p
dAB
I + (1− p)W opt(0 < p < 1) (26)
is separable where p is the smallest parameter for which
W˜ opt is a positive operator (possibly unnormalized state)
[25].
Let s(p) = p(1−p)dAB . By considering possible unnor-
malization of states, the SPA conjecture can be simplified
as follows:
W˜ opt = W opt + sI (27)
is separable where s = p(1−p)dAB > 0 is the smallest pa-
rameter for which W˜ opt is a positive operator (possibly
unnormalized state) since s(p) is a monotonically increas-
ing function for p in the interval (0, 1).
Similarly, the SPA for a general EW W (optimal or
not) can be simplified as
W˜ = W + sI. (28)
Theorem 2. The SPA to an arbitrary EW W = σ −
cσI (optimal or not) corresponds to a separable state if
and only if
W˜ = σ − λ0σI (29)
is separable, where λ0σ is the minimum eigenvalue of σ.
Proof: An arbitrary EW W can be written as W =
σ − cσI by Theorem 1. By Corollary 3 and Eq. (27), we
have
W˜ opt = σ − cmaxσ I + sI (30)
= σ − (cmaxσ − s)I. (31)
For taking the smallest parameter s to make W˜ being
positive, cmaxσ − s = λ0σ, that is
W˜ opt = σ − λ0σI. (32)
Similarly, we can also obtain the above result by Eq.
(28).
Therefore, the separability problems of SPA to both
optimal maps and non-optimal maps become the same
problem, that is, whether the W˜ = σ−λ0σI is separable
or not for eitherW = σ−cmaxσ I being an WOEW (includ-
ing OEW) or W = σ − cσI being a non-weakly-optimal
EW. 
Corollary 6. If W = σ − cσI is an EW with σ being
not full rank, its SPA defines an entanglement-breaking
channel (EBC) (the output is just σ).
Unless otherwise specified, EWs with W = σ − cσI
discussed below refer to EWs with σ being full rank.
Theorem 3. If λ0WΓ < λ0W , the SPA of an arbitrary
W does not correspond to a separable state, where Γ
refers to partial transposition.
Proof: Suppose W = σ − cσI by Theorem 1. If
λ0WΓ < λ0W , λ0σΓ < λ0σ, and W˜
Γ = σΓ − λ0σI < 0.
W˜ is not separable by PPT criterion [16]. 
A. Structural approximations to entanglement
witnesses in low dimensions
Following the definition in Ref. [18], if an EW can be
written in the form of W = P+QΓ with P,Q ≥ 0, we say
it decomposable, otherwise we say it indecomposable. It
is well known that the division of EWs to decomposable
and indecomposable is translated from positive maps via
the Jamio lkowski-Choi isomorphism [11].
Corollary 7. If W = σ − cmaxσ I is a low-dimension
OEW,
W˜ = σ − λ0σI (33)
is separable without considering normalization.
Proof: Since W = σ − cmaxσ I is a low-dimension
decomposable OEW, WΓ ≥ 0 by [13, 18], i.e. (σ −
cmaxσ I)
Γ ≥ 0. The minimum eigenvalue of σΓ, λ0σΓ ≥
cmaxσ . By c
max
σ > λ0σ, λ0σΓ > λ0σ. By PPT criterion in
low dimensions [7], W˜Γ = (σ − λ0σI)Γ = σΓ − λ0σI ≥ 0,
and W˜ is separable. 
This result indicates that all structural physical ap-
proximations to optimal positive maps of low dimensions
define EB channels. It is consistent with the result in Ref.
[13]. Following Theorem 3 and the necessary and suffi-
cient separability criterion for the case of low dimensions,
we have a more general result than the one in Corollary
7.
Corollary 8. The SPA of an arbitrary EW in low
dimensions W does not correspond to a separable state
if and only if λ0WΓ < λ0W .
In other words, the SPA of an arbitrary entanglement
witness in low dimensions W corresponds to a separable
state if and only if λ0WΓ ≥ λ0W .
Lemma 1. If the partial transposition of an EW W ,
WΓ < 0, WΓ is also an EW.
Theorem 4. Either the SPA of an EW or the SPA of
the partial transposition of the EW in low dimensions is
an EB channel.
Proof: Suppose an arbitrary EW W = σ − cσI in
low dimensions. (i) If λ0WΓ ≥ λ0W , W˜ = σ − λ0σI is
separable by Corollary 8. (ii) If λ0WΓ < λ0W , λ0σΓ <
λ0σ, and W
Γ is an EW by Lemma 1. The SPA of WΓ is
σΓ−λ0σΓI by Theorem 2. By (σΓ−λ0σΓI)Γ = σ−λ0σΓI.
By λ0σΓ < λ0σ, σ−λ0σΓI > 0. By PPT criterion, W˜Γ =
σΓ − λ0σΓI is separable. 
These results deepen the result in the Fiura´s˘ek [Phys.
Rev. A 66, 052315 (2002)], which states that the SPA
of the (optimal) partial transposition map I ⊗ T in the
two-qubit case is an EB channel.
Let us see the example in Ref. [13] as follows.
The EW
W = Q1 +Q
Γ
2 , (34)
where
Q2 =
 a 0 0 a0 0 0 00 0 0 0
a 0 0 a
 , Q1 =
 0 0 0 00 b b 00 b b 0
0 0 0 0
 (35)
5with real positive a and b. We can compute
tr[W (|µA〉νB〉〈µA〈νB |)] = 0, where |µA〉 =
√
2
2 (|0〉 −
|1〉), |νB〉 =
√
2
2 (|0〉+ |1〉). All W are WOEWs for a > 0
and b > 0. The procedure of computing is presented in
Appendix A.
Let q = 1− p. The SPA of W ,
W˜ =
p
4
I + (1− p)(Q1 +QΓ2 ) (36)
=
 qa+
p
4 0 0 0
0 qb+ p4 q(b+ a) 0
0 q(b+ a) qb+ p4 0
0 0 0 qa+ p4
 (37)
is positive for
p ≥ 4a
4a+ 1
, (38)
which is the condition for the structural approximation.
The state (37) is not PPT, and hence entangled, for
p <
4b
4b+ 1
. (39)
The condition (38) and (39) can be simultaneously sat-
isfied by taking b > a, thus giving a structural approxi-
mation which is not EB [13].
In fact, the minimum eigenvalue of WΓ, λ0WΓ = b,
and the minimum eigenvalue of W , λ0W = a. If b > a,
λ0WΓ > λ0W . Since W
Γ < 0 in low dimensions, all W
are not optimal for all a > 0, b > 0 ( for b > a and for
b ≤ a ) [13, 18]. Interestingly, according to our results,
the SPA of W does not correspond to a separable state,
but the SPA of WΓ corresponds to a separable if b > a;
the SPA of W corresponds to a separable state but the
SPA of WΓ does not correspond to a separable state if
a ≥ b.
Interestingly, we can easily prove the optimal EW of
the EW W = Q1 + Q
Γ
2 is the same (unnormalized) Q
Γ
2
either for b > a or for b ≤ a. The procedure of proof is
presented in Appendix B.
Clearly, it is not the reason of the non-optimality of
W , as stated in Ref. [13], that the SPA of W for b > a
is not separable. Thus, we can conclude that the SPA of
EWs is independent of the optimality of EWs, and that
the SPA conjecture does not need to be based on the
optimality of EWs. As already stated in Ref. [18], we
can restrict ourselves to the study of the OEW.
B. Sufficient conditions of violating the SPA
conjecture
Corollary 9. If λ0(W opt)Γ < λ0W opt (i. e. λ0σΓ < λ0σ)
for an optimal EW W opt = σ− cmaxσ I, W opt violates the
SPA conjecture.
This is a sufficient condition of violating the SPA con-
jecture.
Lemma 2 [13, 18]. W is an optimal nondecompos-
able EW (ONEW) if and only if WΓ is an ONEW.
Corollary 10. If W = σ − cmaxσ I is an ONEW with
λ0WΓ 6= λ0W , the SPA of W or the SPA of WΓ violates
the SPA conjecture.
Proof: Following Theorem 3 and Lemma 2, we can
obtain the result. 
This is a sufficient condition of violating the SPA con-
jecture for the ONEW. It is easy to verify. Consider the
ONEW in Ref. [14]
W [a, b, c; θ] =

a · · · −eiθ · · · −e−iθ
· c · · · · · · ·
· · b · · · · · ·
· · · b · · · · ·
−e−iθ · · · a · · · −eiθ
· · · · · c · · ·
· · · · · · c · ·
· · · · · · · b ·
−eiθ · · · −e−iθ · · · a

,
(40)
where a, b, c are non-negative real numbers, · denotes 0
and −pi ≤ θ ≤ pi.
Let θ = pi/12, a = 43cos
pi
12 , b =
2
3cos
pi
12 , and c = 0. We
compute λ0WΓ ≈ −0.6440, λ0W ≈ −0.7286, and λ0WΓ 6=
λ0W . By Corollary 10, W [
4
3cos
pi
12 ,
2
3cos
pi
12 , 0;pi/12] vio-
lates the SPA conjecture.
Since the result of Theorem 3 is followed with the PPT
criterion and the PPT criterion is a necessary but not a
sufficient separable condition for separability in higher
dimensions, it is not easy to find the necessary condition
by our result for that SPA of an arbitrary W does not
correspond to a separable state. It is still open whether
the SPA of an optimal decomposable entanglement wit-
nesses in higher dimensions is separable or not [45]. It
indicates that, as separability criteria, there may exist no
effective method to detect if the SPA of a given EW is
separable or not.
IV. CONCLUSIONS
In summary, we give a general form of an arbitrary
EW W = σ−cσI from a separable density matrix σ. We
show a sufficient condition for that all structural approx-
imations to positive maps define EB channels. For low
dimensions as PPT separability criterion, we completely
reveal the relation between the SPA to positive maps and
EB channels. Our results deepen the works in Fiura´s˘ek
[Phys. Rev. A 66, 052315 (2002)] and in [Phys. Rev. A
78, 062105 (2008)].
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APPENDIX A: THE PROCEDURE OF
COMPUTING THE WEAKLY-OPTIMALITY OF
AN EW IN THE TWO-QUBIT CASE
An arbitrary qubit pure state |ψ〉 can be written as
|ψ〉 = α|0〉 + β|1〉, where α and β are complex number
and |α|2 + |β|2 = 1. Because |α|2 + |β|2 = 1, |ψ〉 can be
rewritten as
|ψ〉 = eir(cos θ
2
|0〉+ eit sin θ
2
|1〉), (41)
where θ, r and t are real numbers. The factor of eir out
the front can be ignored since it has no observable effects
[36], and for that reason, |ψ〉 can be effectively written
as
|ψ〉 = cos θ
2
|0〉+ eit sin θ
2
|1〉. (42)
Therefore, an arbitrary unit product vector |µA〉νB〉
for two qubits can be written as
|µA〉νB〉
= (cos
θ1
2
|0〉+ eit1 sin θ1
2
|1〉)(cos θ2
2
|0〉+ eit2 sin θ2
2
|1〉)
= cos
θ1
2
cos
θ2
2
|00〉+ eit2 cos θ1
2
sin
θ2
2
|01〉+
eit1 sin
θ1
2
cos
θ2
2
|10〉+ ei(t1+t2) sin θ1
2
sin
θ2
2
|11〉. (43)
〈µA〈νB |
= (cos
θ1
2
〈0|+ e−it1 sin θ1
2
〈1|)(cos θ2
2
〈0|+ e−it2 sin θ2
2
〈1|)
= cos
θ1
2
cos
θ2
2
〈00|+ e−it2 cos θ1
2
sin
θ2
2
〈01|+
e−it1 sin
θ1
2
cos
θ2
2
〈10|+ e−i(t1+t2) sin θ1
2
sin
θ2
2
〈11|.(44)
By Eq. (34),
W = a|00〉〈00|+ a|11〉〈11|+ b|01〉〈01|+ b|10〉〈10|
+(a+ b)|01〉〈10|+ (a+ b)|10〉〈01| (45)
and
tr[W (|µA〉νB〉〈µA〈νB |)] (46)
= a cos2
θ1
2
cos2
θ2
2
+ b cos2
θ1
2
sin2
θ2
2
+(a+ b) cos
θ1
2
sin
θ2
2
sin
θ1
2
cos
θ2
2
ei(t1−t2)
+(a+ b) sin
θ1
2
cos
θ2
2
cos
θ1
2
sin
θ2
2
ei(t2−t1)
+b sin2
θ1
2
cos2
θ2
2
+ a sin2
θ1
2
sin2
θ2
2
(47)
=
1
2
(a+ b)(cos2
θ1
2
cos2
θ2
2
+ cos2
θ1
2
sin2
θ2
2
+ sin2
θ1
2
cos2
θ2
2
+ sin2
θ1
2
sin2
θ2
2
)
+(a+ b) cos
θ1
2
sin
θ2
2
sin
θ1
2
cos
θ2
2
ei(t1−t2)
+(a+ b) sin
θ1
2
cos
θ2
2
cos
θ1
2
sin
θ2
2
ei(t2−t1)
+
1
2
(a− b)(cos2 θ1
2
cos2
θ2
2
− cos2 θ1
2
sin2
θ2
2
− sin2 θ1
2
cos2
θ2
2
+ sin2
θ1
2
sin2
θ2
2
) (48)
=
1
2
(a+ b)(cos2
θ1
2
cos2
θ2
2
+ cos2
θ1
2
sin2
θ2
2
+ sin2
θ1
2
cos2
θ2
2
+ sin2
θ1
2
sin2
θ2
2
)
+(a+ b) cos
θ1
2
sin
θ2
2
sin
θ1
2
cos
θ2
2
ei(t1−t2)
+(a+ b) sin
θ1
2
cos
θ2
2
cos
θ1
2
sin
θ2
2
ei(t2−t1)
+
1
2
(a− b) cos θ1 cos θ2. (49)
Let t1 − t2 = pi in Eq. (49). We have
tr[W (|µA〉νB〉〈µA〈νB |)]
=
1
2
(a+ b)(cos
θ1
2
cos
θ2
2
− sin θ1
2
sin
θ2
2
)2
+
1
2
(a+ b)(cos
θ1
2
sin
θ2
2
− sin θ1
2
cos
θ2
2
)2
+
1
2
(a− b) cos θ1 cos θ2. (50)
Let θ1 = θ2 = pi/2 in Eq. (50). We have
tr[W (|µA〉νB〉〈µA〈νB |)] = 0. (51)
Let t1 = pi, t2 = 0, θ1 = θ2 = pi/2. We have |µA〉 =√
2
2 (|0〉 − |1〉), |νB〉 =
√
2
2 (|0〉+ |1〉).
7APPENDIX B: THE PROCEDURE OF THE
PROOF OF THE OPTIMALITY OF AN EW IN
THE TWO-QUBIT CASE
Proof: Suppose an arbitrary qubit entangled state
ρ =
 ρ00 ρ01 ρ02 ρ03ρ10 ρ11 ρ12 ρ13ρ20 ρ21 ρ22 ρ23
ρ30 ρ31 ρ32 ρ33
 . (52)
By Eq. (34), we have
tr(Wρ) (53)
= aρ00 + bρ11 + (a+ b)(ρ12 + ρ21) + bρ22 + aρ33 (54)
= a(ρ00 + ρ12 + ρ21 + ρ33) + b(ρ11 + ρ12 + ρ21 + ρ22).(55)
Since ρ is positive, ρ11 + ρ12 + ρ21 + ρ22 ≥ 0. If
tr(QΓ2ρ) = aρ00 + aρ12 + aρ21 + aρ33 < 0, tr(Wρ) < 0.
The EW QΓ2 is finer than the EW W either for b > a or
for b ≤ a.
On the other hand, (unnormalized) QΓ2 is the same EW
as W = |ψ〉〈ψ|Γ, the optimal EW whose SPA is separable
[8], where ψ = 1√
2
(|00〉+ |11〉). 
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